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Abstract: We compute spin-flip cross section for graviton photoproduction on a spin- 1/2 target 

r — ■ 

of finite mass. Using this tree- level result, we find one-loop graviton correction to the spin- flip low- 
O ' energy forward Compton scattering amplitude by using Gerasimov-Drell-Hearn sum rule. We show 
that this result agrees with the corresponding perturbative computations, implying the validity of 
the sum rule at one-loop level, contrary to the previous claims. We discuss possible effects from 
the black hole production and string Regge trajectory exchange at very high energies. These effects 
seem to soften the UV divergence present at one-loop graviton level. Finally, we discuss the relation 
of these observations with the models that involve extra dimensions. 



KEYWORDS: |Anomalous magnetic moment, Compton scattering, gravity, sum rule, unitarity 



Contents 



[Lj. Introduction |T| 

|2|. The Origin of the Problem § 

[2.1| One-loop Graviton Contribution ^ 

pT2| Asymmetry in Graviton Photoproduction: Spin-flip Cross Section |5] 



|3|. One-loop Graviton Corrections to the Compton Scattering [7| 

|]. Nonperturbative Regime |8| 

[11] Black Hole Exchange | 

O String Regge Trajectory Exchange P 



||. Case with Extra Dimensions |l0 

|6]. Summary [IT 

[5]. Simple Working Example [T3 

El Interaction Vertices and an Example of One-loop Computation [13 



1. Introduction 

It has been known for a long time that in computing the one-loop graviton corrections to the 
anomalous magnetic moment of a charged lepton miraculous cancellations occur, rendering to a 
finite result. In four dimensions this has been shown first by Berends and Gastmans [1], and 
farther generalized to certain extra dimensional model by Graesser [2]. On the other hand, it is 
well known that gravity coupled to QED can be considered at most as an effective field theory. 
At the same time, analyticity and unitarity along with certain assumptions about the asymptotic 
behavior of the scattering amplitudes may provide useful constraints on the low energy coefficients 
of this effective theory (in the spirit of Ref. [3]). One of such constraints follows from the well 
known Gerasimov-Drell-Hearn (GDH) sum rule [4] that relates the anomalous magnetic moment to 
a certain dispersion integral. Surprisingly, it has been argued in [5] that the GDH sum rule does 
not hold at the one-loop graviton level, either in four or in any number of extra dimensions. This 
posed a serious problem that was left without attention for more than a decade. 
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Here we show that the GDH sum rule is in fact satisfied at the one-loop graviton level. This 
requires the incorporation of certain gravity specific interactions that were ignored before. The 
resolution of this problem shows that the low energy effective theory of gravity coupled to QED 
at one-loop level is not in any obvious contradiction with either analyticity or unitarity, as was 
previously thought. However, clearly, this does not mean that analyticity or unitarity are maintained 
at multiple loop level or far from the perturbative regime. 

Generalities: Given a particle of mass m and electric charge e, the Gerasimov-Drell-Hearn sum 
rule [4] connects the gyro magnetic ratio g to a dispersion integral. 1 The main ingredient of the 
sum rule (see e.g. [6,7]) is the low energy forward 2 Compton scattering amplitude of a photon with 
energy oj and helicity A off a massive target of spin J. This amplitude, f Bca ,t(u, A), is a real analytic 
function of the photon's energy u away from the real w-axis, where cuts and poles may exist at 
u> > 0. The imaginary part of / sca t is given by the optical theorem: 

lmf scat (u, A) = — 0- to t(w, A) , (1.1) 
Air 

where cr to t is the total cross-section for a photon with helicity A and energy u. Define now the 
following function: 

r i 2\ _ /scat (w, +1) — /scat (^j — 1) n q n 

/-(<" ) = — • (1.2) 

As was discussed in Ref. [8], when no intermediate (one particle) state exists in the Compton 
scattering, with either mass or spin different from those of the target then, it can be checked that: 



f-{uj 2 ^0) = — 2 J z a 2 . (1.3) 



where a = (g — 2) /2 is the anomalous magnetic moment (as usual a = e 2 /An). Using the optical 
theorem ( |1 . 1| ) and definition ( |1.2| ), we have: 

Im/_(w 2 ) = ^-Aa(u) , A<x(u) = a tot (cj, +1) - a tot (cj, -1) . (1.4) 
Assuming that /_(w 2 ) vanishes when \u 2 \ — > oo, one can write an unsubtracted dispersion relation: 



f-U 2 ) = -^l , 2 Aa( f } ■ M . (l.r„ 



When u 2 = 0, and J z = 1/2, Eqs.Q and flOD , imply the GDH sum rule [4]: 

a 2 = / \-^dw' . (1.6) 



^^As usual, g is denned as the ratio of the particle's magnetic moment \x to its spin J, so that: fl = J. 

2 The photon propagates along some z-direction with helicity A = ±1, and the target has a spin-z projection J z . 
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In weakly interacting systems the RHS of Eq. (|1.6| ) is expected to be 0(a), since the lowest order 
contribution to the cross section may seem to come from the process —> ji 3 thus, Acr 7 ^_> 7 ^ ~ 
0(a 2 ). However, from the perturbative QED computations it is known that the LHS is of order 
0(a 2 ). This suggest that the RHS should vanish for the process — > ji, considered at the 
tree-level, and the leading contribution to the integral should come from the processes for which 
Act ~ 0(a 3 ). In what follows, it will be instructive to show how this happens in more details. 
The asymmetry in the differential Compton cross section is: 4 

da\ fda\ a 2 fu'\ 2 u + u' 

costal — cosfc 1 ) , (1.7) 



dVt ) A=1 \d£l J x=1 m 2 \ lu / m 

u 

00 



l + £ 1-cosi 



III 



where 9 is a scattering angle in the laboratory frame. Integrating over dVt = 27rsm6d6, we will 
obtain, the total asymmetry in the cross section to be: 



A<7Compton(w) 



2na 2 



m\ ( 2u\ ( U) 



1 + — In 1 + — -21 + 



u ) \ m J \ (m + 2u) 2 



,2 



(1.8) 



Substituting this expression inside the GDH integral ( |1.6| ), one would indeed obtain zero! This non 
trivial observation was made in Ref. [9]. Much later, it has been shown in Ref. [10] that the relevant 
order 0(a 3 ) corrections to Act are coming from the following two processes: a) — > ji, at order 
0(a 3 ), that is from the Compton scattering at one- loop [11], interfering with the tree- level process, 
and b) from the process — > 77^. Moreover, the computation of the total asymmetry in Ref. [10] 
reproduced the correct result for a, known from the perturbation theory. 

The paper is organized as follows: in Sec. II, we demonstrate the reasoning that led to an 
incorrect conclusion that GDH sum rule does not hold at the one-loop graviton level. For this we 
compute the asymmetry in the polarized graviton photoproduction cross section on a target of spin- 
1/2 and finite mass. Substituting this result in the GDH integral, and applying the known result of 
Berends and Gastmans, we arrive at a contradiction. In Sec. Ill, we demonstrate that the problem 
is resolved if one incorporates gravity specific one-loop diagrams that contribute accordingly to the 
spin-flip forward Compton scattering amplitude. In Sec. IV, we carry semi-qualitative discussions 
on possible effects from the nonperturbative regime, where either the exchange of the black hole 
or string states is important. In Sec.V, we extend the arguments for models with large extra 
dimensions, and show that in 4D the collinear singularity and the UV divergence are related. 
Finally, we summarize the obtained results. 



3 Here by I we mean some charged lepton (as usual 7 represents a photon). 

4 See, e.g., L. D. Landau, E. M. Lifshitz, "Quantum Electrodynamics," Vol. IV, Ch.10. 
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2. The Origin of the Problem 



2.1 One- loop Graviton Contribution 

In Ref. [1], Berends and Gastmans found that the total one- loop quantum gravity correction to the 
anomalous magnetic moment a — (g — 2)/2 of charged leptons give the following finite result: 5 

where m is the mass of the lepton, Gn = l/(47rM|>) is the 4D Newton's constant, and Mp is 
Planck's constant. In particular, for muon a® G w 4.2 x 10~ 41 . The relevant diagrams are shown in 
Fig. [I]. Clearly, even including all other contributions from the Standard Model (SM), this result 
does not have any chance to be tested experimentally. 6 



Figure 1: One-loop graviton diagrams that contribute to the anomalous magnetic moment of lepton. The 
wavy lines represent photons, dashed lines - gravitons, and solid lines - leptons. 

However, as was noticed by Goldberg [5] , this result ( |2.1| ) has an interesting theoretical signifi- 
cance. It appears that naive application of the GDH sum rule, when gravity sector is involved, may 
lead to problems. For simplicity, we consider only the QED sector of the SM, and gravity. It may 
seem natural to expect that at the one-loop level the corrections to a from these sectors should be 
additive: a = a G:ED + a G:G . As a result, at the one-loop level, the GDH sum rule can be written as: 7 

(a QED ) 2 + 2a QED a QG + (a QG ) 2 = f°° — [Aa QED (u) + Aa'(u)} , (2.2) 

where a9 ED ~ a/2ir, the first term in the integral, Aa° :ED (u), is purely QED contribution while 
the second, Act' (a;), is the contribution from both gravity and QED sectors. Since QED by itself 
satisfies the sum rule, we are left with: 

2a QED a QG + {a Q G) 2 = r ^ Aa / (w) (2.3) 

2n 2 a J u 

5 Only QED and quantum gravity sectors were considered. Inclusion of the whole Standard Model is also possible. 
6 The anomalous magnetic moment of the muon is well measured as is [12]: a^ xp = 11659208. 9(5. 4)(3. 3) x 1CP 10 , 
in remarkable agreement with the SM prediction: a™ = 11659180.2(2)(42)(26) x 1CT 10 . 

7 See also Ref. [13] where similar ideas were applies if instead of QG some other new physics is involved. 
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The leading contribution to Aa'(uj) comes from a tree-level process — > G£, relevant diagrams are 
shown in Fig. ^], from which one can deduce that Aa' ~ 0{Gjqa). Therefore, using Eqs.(|2~3|) 
and ( |2.1| ), one arrives to a contradiction, since the LHS of Eq.( |2.3| ) starts at order 0(aGN), while 
the RHS is only of order O(Gn)- This issue was first observed in Ref. [5], where the calculations of 
the cross section were done in the massless fermion limit. In the next section, we find Aa^i^ce for 
the finite fermion mass. 

2.2 Asymmetry in Graviton Photoproduction: Spin-flip Cross Section 

The graviton photoproduction amplitude can be factorized as follows [14]: 

(P/; wl r bi! h, ?i) = Hx e}^e iu T^ mpton , (2.4) 

H = k_ ■ Pf)(ty ■ Pi) - (<Q ■ Pi)(k f ■ p f ) 
4e ki ■ kf 

where Pi, ki are initial momenta of lepton and photon, pf, kf are final momenta of lepton and 
graviton (G), e^A) is initial polarization of photon with helicity A, e^ u = e/ M e/„ is the final polar- 
ization of the graviton written as a product of two 'photon' polarizations. 8 Finally, Tq^ ton is the 
Compton scattering amplitude with final photon having polarization e/ M . The relevant tree-level 
diagrams contributing to the graviton photoproduction are presented in Fig. ||. It can be shown 
that, in the laboratory frame: 9 

\H lah \ 2 = ^cot 2 (6/2) , (2-6) 

where 9 is the scattering angle of the graviton. 

According to Eq. fl2.4j), to find Aa^^cii.^) m case of the graviton photoproduction, we multiply 
Eq. ( |1.7|) by the additional factor |-ffi a b| 2 , and integrate over dVL. As a result: 



. . . 3aK 2 ( m\ \m , /„ 2u\ n ( 1 + oj/m \ 



(2.7) 



In the limit uj/m ^> 1, we have Aa^^ae ~~ — 3a/(2Mp), and in the limit, u/m <C 1, we have 
Aa^i^Gi —2auj/(3mMp). In case m — > 0, we reproduce corresponding result of Ref. [5] (notice, 
that we use different notations for Mp). 

The GDH sum rule (p. 31), can be rewritten as: 



la m 2 49 m 4 m 2 
+ 



16vr 3 M 2 256tt 4 M% 2n 2 a 



o w J A u 



(2.8) 



8 We use conventions, where k 2 = 32ttGn — 8/Mj>. Additional conventions can be found in Appendix 0. 
9 In the laboratory frame, we orient the z-axis along the direction of the incoming photon, and have pi = (m,0), 
ki =u>i(l, 0,0,1), k f =w/(l,sin0,O,cos0), e» = (0,l,i\,0)/y/2, e f = (0,cos9,±i,-sm9)/V2. 
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Figure 2: The tree-level diagrams contributing to the graviton photoproduction. 



where A is the UV cutoff above which the gravity becomes strongly coupled (in principle, A can be 
much smaller than Mp). We will consider the first integral on the RHS, and will discuss the second 
integral in the next sections. 

we get: 



Substituting fl2.7|) into the first integral in Eq. 



m 2 f du 
2n 2 a J oj 



2 2 

m k 

327T 2 

3 



5 + i 

X 



1 + 6x + 6ar 



2x 2 



ln(l + 2x) 



m 



2 r 



4tt 2 M 2 



In 



2A 



+ 0(x _1 liix) 



(2.9) 



where x = A/m ^> 1. At this stage, it looks that we might have a problem, since Igdh ~ 0(Gn), 
while the LHS of ( |2.8|) starts at order 0(aG^). Moreover, Eq. ( |2.9|) contains a logarithmic term 
(divergent as A — > oo). 10 

We note in passing that aG^ corrections in (|2.8| ) come from: the tree level diagrams — > j^Gi, 
and from the interference of the tree-level amplitude — > Gi of order 0(en), with its one-loop 
photon correction, of order 0(e 3 K,), leading to order 0(a 2 G^) contribution to the cross section. 

10 It appears that even if we compute Aa^i^ci in the massless limit, and assume ui > u!th in the Igdh integral, 
we would arrive to a same conclusion [5], if we select Wth ~ m - 
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3. One-loop Graviton Corrections to the Compton Scattering 

In this section we will show that there is no reason to doubt the validity of the GDH sum rule at 
the one-loop graviton level. The main reason leading to the problem was the assumption that one 
can find the forward Compton scattering amplitude simply by substituting the anomalous magnetic 
moment with the sum aP ED + a® G . In fact, this is not true since there are other one-loop graviton 
diagrams that contribute to the spin-flip amplitude at order 0(Gn). The real parts of these loop 
diagrams give exactly the log-term (|2.9|) obtained on the RHS of GDH sum rule. To show this result 
explicitly, we need to compute all one-loop corrections to the forward spin-flip scattering amplitude. 
An example, where analogous situation takes place is considered in Appendix [A]. 





Figure 3: One- loop diagrams that contribute to /_(cj 2 ). There are other diagrams not shown here. 

The amplitude f^(u 2 ) receives not only contributions that result to the term proportional to 
as was previously expected, but it also receives additional contribution from the 
other one-loop graviton diagrams. The examples of corresponding diagrams are given in Fig. |3]. 
In particular, one can show that diagrams A and B in Fig. || give non vanishing contribution to 
the amplitude /_ (a; 2 ), see Appendix ||. Using Pauli-Villars (PV) regularization scheme, from the 
computations analogous to the one presented in Appendix ||, one can show that: 11 

/ QC V -> 0) = - A_^i n(Apy / m ) + {ua/Ml) , (3.1) 

11 The reason we chose PV regularization scheme is that it is most suitable for comparison with the RHS of the 
GDH sum rule. The relation with dimensional regularization is straightforward. 
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where Apy is the PV regulator. Multiplying this amplitude with 2m 2 /a, we will reproduce the 
logarithmic term of (|2.9|) . In other words we simply verified the fact that the dispersive integral 
on the RHS of the GDH sum rule, reproduces the one-loop graviton corrections to the low energy 
forward scattering amplitude. To get an exact matching, we need: Apy = A = 2e~ 5 ^ 3 A. 12 



4. Nonperturbative Regime 

Here, we will separate the second integral on the RHS of ( |2.8| ) into two parts: 

— Acr'(w) = / — Ao\uS) + / — Acr'(w) , (4-1) 

where at energies u > u c , for certain value of u c , the black hole production would dominate, while 
for A < uj < uj c the string state exchange is expected to be important. We start by considering the 
second integral. Our discussions will carry semi- qualitative character. 

4.1 Black Hole Exchange 

Consider the possibility that as a result of 7^ scattering, the black hole state is produced with mass 
M, charge Q and angular momentum J. In such case, the cross section can be crudely approximated 
by the cross sectional area of a black hole [15]: 

a j ~ ^1 « AixG 2 N M 2 - 2nG N Q 2 - 2tt^ (4.2) 



where r + = G^M + ^JG 2 N M 2 — J 2 /M 2 — GnQ 2 is the outer horizon of the Kerr-Newman black 
hole, and we assumed J 2 + G^M 2 Q 2 G 2 N M A . Clearly, the above estimate of the cross section 
is only applicable in case r + ~ G^M > 1/A, where A is a cutoff of the theory (as was mentioned 
above). We will introduce a new parameter A c , so that: A = X c Mp, where A c < 1. Therefore, our 
estimate is valid, only when M > u c , where u c = Mp (Mp/A) = A/X 2 . In this case, the difference 
between the spin aligned ( J = j + 1) and anti- aligned ( J = j — 1) cross sections is: 

87TJ 

A(Tj(u > U c ) = (Jj-l - (T j+ i PS — . (4.3) 

UJ 

Therefore, the second piece of the dispersion integral with j = 1/2 will give: 

m 2 f°° du A . . 1 \ 2 C m 2 



12 Note, that although the total one-loop graviton correction to the anomalous magnetic moment is finite, the same 
is not true for the Compton scattering amplitude. 
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As a result, 



m 2 ctijj . 3 m 2 



A / 4vrA c 
— exp — — ± 
m \ 6a 



2\ 1 



m 2 f Mp ^du 
+ tt^ / — At/ . 4.5 

2vr 2 a j \ c Mp u 



In case, A c ~ 1, the integral on the RHS of ( f4.5| ) can be ignored, however, the first term becomes 
~ ln(A/A^), where m(A^/m) 9//8 is the QED Landau pole for one flavor. On the other hand, if 
A c ~ a, the first term is ~ ln(A/m), 13 , and we can not ignore the integral on the RHS. Therefore, 
in this case, we need to consider the contribution from the remaining integral: 

m 2 r c du . .. . „ N 
-Ao-'(w) . (4.6) 



2u 2 a ./a u 
4.2 String Regge Trajectory Exchange 

When A c < 1, we have a wide (energy) range where the gravity is nonperturbative, while the black 
hole formation is suppressed. In string theory, we might be in a regime, where A c is associated with 
the string coupling constant, and A c <C 1, therefore, A = X c Mp should be associated with the string 
mass scale. 14 In such case, we expect the range A < us < u c to be dominated by the string state 
exchange. 

Assume that for u > A, the 4-point string amplitude in the Regge limit has a non vanishing 
contribution to the spin-flip Compton amplitude. The fact that there might be such a contribution 
follows from the string Compton amplitude that was computed at tree and one-loop levels in a 4D 
fermionic heterotic string model [17]. In general, the spin-flip cross section can be written as: 

4-7TT' 

A(TR{S) = Ml {a ' SrR ~ 1 ' (47) 

where r is some (model dependent) constant, and we assumed for the scattering amplitude that 
lm.Aii(s,t = 0) ~ A 2 (a's) aR . Here otR and a' are Regge intercept and slope respectively, and we 
took into account that 1/Mp ~ A c a/o7. In this case, if cvr = 0, we will have: 15 



r A? m 2 r m? 



it a A 2 na Mr 1 ' 



For A c <C 1, the intermediate string exchange regime will dominate over the black hole produc- 
tion, and the RHS of Eq. P~5Q will be: -jf-rf^- In [A/A r ] , where A r = mexp (f^). It is interesting 



13 Notice, that if A ~ a, then the BH contribution is of the same order as the first term in Eq. (p^q). 

14 Type II superstring compactified on a 6-torus is an example of this general situation. In this case the relation 

4 



between the string mass scale Ms ~ 1/va' and the Planck scale is Mp = Mgy/Ve/gs, where Vq is the volume of the 
6-torus, and gs is the string coupling constant. In the perturbative regime, where V§Mg 3> 1 and gs 1, we have: 
M P > Ms- When all radii of the torus are 0(1/M S ), Ms becomes the only UV cutoff scale and M„ = 0(Ms). 



15 In general, 7 S « for a R + 1 and I s « ^^-ln(l/A 4 ) for a R = 1. 
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to note that: A r « aMp, for 47rr « 1.01672 and m « 0.5 MeV. 16 This result might imply that for 
specific values of r, or specific string theories, the log- divergent term can be softened or completely 
removed. However, we are not able to provide more rigorous justification for this claim. 



5. Case with Extra Dimensions 

In the model [18] with 4 + n extra dimensions, the one-loop bulk contributions to the anomalous 
magnetic moment of the muon were computed by Graesser [2]. It appears that, the corrections 
from a single Kaluza-Klein (KK) graviton and KK radion are found to be each finite. The full 
one-loop bulk contribution is obtained by summing over all the KK states, and results in a model- 
independent correction to a, independent of n, and depending only on the scale of the strong gravity 
in 4 + n dimensions, Mo- Each KK mode n of a bulk graviton contributes to a. Taking into account 
(AirG n)^ 1 = Mp +2 R n , the contribution from the tower of KK gravitons can be well approximated 
by the formula [2]: 

nr c 2ir n/2 m 2 „ An - 1 

a QG — - — — — — - c = 5 , (5.1) 

M 2 nT[n/2] M%' 3n + 2 ' v ' 

where the first contribution to c is from the tower of spin-2 KK states, and the second is from the 
tower of KK radion states. Note that this result scales as M D and is independent of n. 

The contribution from the entire tower of KK gravitons to the spin-flip cross section was com- 
puted by Goldberg, and (in the limit where the target is massless) it is: 

2 w n/2 r^s ^ 1 a / s \n/2 

where A n are some finite coefficients, for example: 

A 2 = tt(-25/4 + (17/3) \n(2/5 - 1)) , (5.3) 

where 5 is a collinear cutoff, such that — 1 + 5 < cos 6 < 1 — 8. In the limit, 5 — > 0, we can 
approximate A 2 ~ =|^ln(2/5). In general, for any n, one can check that: A n ~ ln(2/<5). 
Substituting Eq. (|5.2|) into the sum rule integral, one obtains 

m 2 [ a2 ds . , . 1 m 2 f A n \ , A , 

Aa^ Gi (s) = -—-^ ( — )\ D , (5.4) 



47r 2 a./n s —"r**"^' 16n 2 M 2 D 



n 



where Xd = A/Mq. Notice, that in deriving this result the limit A/to — > oo was taken from the 
beginning. As in the 4D case, the value of this integral is expected to reproduce the real part of 
the one-loop graviton correction to the spin-flip low energy forward Compton scattering amplitude. 



16 



If the matter is confined on a D3-brane, one expects, A c 
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Indeed, on dimensional grounds the one-loop integral should be A n divergent in 4 + n dimensions. It 
may look like the collinear divergence, and the high-energy one are of different nature; the former is 
always diverges as ln(2/<5) and the later as A™, in case n > 0. We will show that in 4D the collinear 
and UV divergences are related. 

Assume that the 4D graviton scattering angle is such that: —I < cos9 < 1 — 5, where 5 <C I, 
in which case: 



Igdh = 



m 2 [ A dou f 2n 1± f 1 ' 5 , „ d . 

J ~ J J d cos 9 —Aa ye ^ Ge (uj, 9) 



2ir 2 a 

m 2 [1-6/2 f_ 1 6{1 + 3(4 - 6)x)\ l + 6x + 6x 2 ^ fl + 2x 



4n 2 M 2 



5 + - + — t: — ^ In 



1 + 5x V x 2 J 2x 2 \l + 5x 



(5.5) 



If we take A/m — > oo limit first, we will get: Igdh ~ — ^™M i m (V^)> nowever ! if we nrs t take 
S — > limit, we obtain: Igdh ~ ~ 4^2^-2 In (2 A/m). For these limits to commute, we need 5 = m/A. 



6. Summary 

In this paper, we showed that GDH sum rule is satisfied at one-loop graviton level. For this we 
started by computing the spin-flip cross section for graviton photoproduction on a spin-1/2 target 
of finite mass. Then, by substituting this result into the GDH sum rule we obtained the one- 
loop graviton correction to the low-energy forward Compton scattering spin-flip amplitude, also 
computed explicitly using the perturbation theory. The fact that the sum rule is satisfied, at least 
at one-loop level, suggests that the scattering amplitudes involved in the derivation of the sum rule 
maintain analyticity and unitarity at one-loop level. This is something that is expected from the 
renormalizable theory, however, for nonrenormalizable theory such as gravity coupled to matter, 
the situation might be less trivial. For example, it might happen that one needs to account for 
the higher dimensional terms in the effective action to restore the lack of unitarity in the original 
theory. With this result, we suggest that at one-loop level no additional terms are required to make 
the theory unitary. At the same time one should keep in mind that we concentrated specifically on 
processes such as Compton scattering and graviton photoproduction. It might happen that when 
considering a more exotic scattering process, the unitarity at one-loop might not hold. 17 Needless 
to say, we also do not say anything about the unitarity or analyticity at multiple-loop level, and in 
the regime where gravity is strongly coupled. 

At the semi-qualitative level, we also considered the case when gravity becomes strongly coupled, 
above the energy scale A = X c Mp. In case, A c ~ 1, the GDH integral receives dominant contributions 

17 Although, we were not able to find such an example, we do not know of any fundamental reason why this 
possibility should be excluded. 
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from the black hole exchange, and: 



m 



J 

Jo 



oo 



did 



3 m 2 
4n 2 M 2 



ln[A/Ai] , Ai = mexp 



( 



4ttA c 2 



) 



(6.1) 



2n 2 a 



CO 



On the other hand, in case, A c < 1, the string Regge trajectory exchange becomes the dominant 
one, and we have: 



We observe that if the matter resides on a D3 brane, so that A c ~ a, then: A r ps A, for m « 0.5 MeV 
and Anr ps l. 18 We speculate that there might be a nonperturbative string like mechanism that 
cancels the UV divergences in the perturbative sector. One way to verify or falsify the above 
speculation is to consider the string one-loop corrections to the Compton scattering amplitude 
that was computed in the Ref. [17]. In particular, we expect that the one-loop corrections to the 
Compton scattering amplitude would not produce UV log-divergencies, that are present in our case. 

Finally, we briefly discussed the case with extra dimensions, and observed that in 4D the form 
of the divergence depends on the order in which the massless and collinear limits are taken. In 
particular, for these limits to commute, we need 5 = m/A — > 0. 
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A. Simple Working Example 

To demonstrate our point, it is instructive to consider the example of 2 — > 2 scattering in A0 4 
theory. But before let us write the dispersion relation for the scattering amplitude J\4(s) for which 
Re.M(oo) = const ^ 0. The Cauchy integral over the closed contour, that encloses the cuts and 
consists of infinite half circles C^, above and below the complex s-plane, can be written as: 




(6.2) 




(Al) 



The dependence on the lepton mass is not essential for this argument. 



This is known as dispersion relation with "subtraction at infinity." Now, in case of the A0 4 theory, 
the 2 — > 2 scattering amplitude at order 0(\ 2 ) can be written as: 



A(s, t) = -X+ ^(V(s) + V(t) + V{u)) 



(A2) 



V{p 2 



dx In 



xA 2 PV /m 2 + (1 — x) — x(l — x)p 2 /m 2 
1 — x(l — x)p 2 /m 2 



where s, t, u are Mandelstam variables (s + t + u = 4m 2 ), and the logarithmic term is coming 
from the one- loop diagram which is regulated using Pauli-Villars regulator Apy. In the forward 
scattering limit (when t = 0) we have: 



Re„4(4m 2 ,0) « - 

Re„4(s > 4m 2 , 0) 
A 2 

ImA{s,0) 



A + 3 



A : 



32vr 2 



In 



A 



PV 



m z 



\ 2 A 2 



32^ 



32tt 



1 - 



4m 2 



(A3) 
(A4) 

(A5) 



where we used that for t = 0, the complex s-plane has cuts for | Re s\ > Am 2 . As should be expected 
from the optical theorem, Im^4(s,0) = 2^J s(s — Am 2 ) (T to t(s), and the leading contribution to the 
cross section is coming from the tree-level amplitude A(s,t) = —A for which cr to t = A 2 /(327rs). 
The dispersion relation (|A~1|) can be written as: 



Re[.4(4m 2 , 0) - A(s > 4m 2 , ' 
A 2 r A " ds> 



A 2 



327T 2 



4m 2 



y/s'(s' - Am 2 ) 



7T J Am 2 S 

A 2 , A 2 
In — - . 



lines', 0) 

4m 2 



ds' 



(A6) 



32tt 2 



Comparing Eqs.(|A3|) and ( |A6| ) we verify that the dispersive integral indeed reproduces the loop 
correction to the forward scattering amplitude if we take Apy = A. Clearly, this is what one should 
expect from analyticity and unitarity. 



B. Interaction Vertices and an Example of One-loop Computation 

We will compute the contribution from diagrams A and B in Fig.|3|. To obtain graviton vertex 
functions let's start with the combined action for interacting fermions and photons, 



S 



d 4 xy/—g 



flu 



(Bl) 



13 



where D a = e£ (d^ + ieA^ — jd^e'ad^e^y 19 The Lagrangian density describing the interaction 
with the graviton field at the lowest order is: C\ = —\nh^ v T^ u1 where g^ u = r]^ u + nh^ u with 
r]^ = diag{l, -1, -1, -1}, and 

Tfj, v =fi (l»d v + 7 „d„) i>- % - (d^ lfl + d^ lv ) ^ + F atM F? + \^uF^F a ^ (B2) 

is the symmetric and conserved current, which can be obtained from ( |B1| ) along with the application 
of the equations of motion. 

In general, the off-shell hipip-vertex function can be written as: 

fa p') = ~ [l,Pu + 1»P»] - W - m] , (B3) 
where P = (p + p')/2. On the other hand, the hFF- vertex function is: 

Wfwapik, kf) = -rjapk'^K - T]^{kok'p + k' a kp) + Kfa^k'p + rjfokQ (B4) 

To compute diagrams A and B in Fig.|3], we need the following interaction Lagrangian: 



^C^A = --en a^^^A^Y^h 



a/3 



(B5) 
(B6) 



It is straightforward to compute that the parts of the amplitudes that will contribute to the asym- 
metry in the forward scattering (after simplifications) can be written as: 

3? 



%M A = --eV^ CT G» 2 ) [EJ'tex, A*)] fa fa) (e* x e) 



(B7) 



iM 



3i 



B 



e k ipafa) SJ'(pi,-/c 2 ) V<t(Pi) (e x e*) 



J'fak) = 



d A q 1 



(2tt) 4 q 2 (p + k- qf - m 2 



where £ = diag{<r, a}, and we took into account that eo = e' = 0. In the low-energy forward 
scattering limit, we choose e — <? — (1, iX, 0)/\/2 and ip a {p) = V™{£,o-£a} T ■ As a result, we have: 



M = M A + M B = -Xme 2 K 2 a 3 [I fa, h) - I fa, -k 2 )\ 



(B8) 



Ifak) 



d A q 1 



k°-q° 



(2tt) 4 q 2 (p + k-qY 



k 
16tt 2 



dx In 



A 2 PV - x(p + k) 2 



m 2 — x(p + kf 



19 As usual, = i[j fJ, ,j"]/2, and the objects e£ are vierbein fields, such that rj ab e£e% = and g^e^e^ = i] a b- 
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Now, since Apy 3> m, and (p + k) 2 = m 2 ± 2mu, up to order 0(oS) the integral is always real. 

Finally, taking into account that / sca t (u, A) = Ai/(8irm) and Eq. ( [L.2D , the asymmetry in the 
forward Compton scattering amplitude (with cr 3 = +1) can be written as follows: 



Other one-loop graviton diagrams contributing to the spin-flip Compton amplitude can be computed 
using the knowledge of the interaction vertices given above. 
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